Lecture 4.
The Principle of Criticality

[§5, §9, §11.3, and §%0.1 (+ §10.3) of
“The Principles of Deep Learning Theory (PDLT),”
arXiv:2106.10165]
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* Infinite width:

D (2, ﬁ[) specified by G(L), H(L)

[*different notion from

. Large-but-finite width at O (%) My, ngy .. g1 > L : sparsity” as in pruned networks]
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The Principle of Criticality for DEEP Neural Networks

Statistical Sho

p0)5)p (2, H,dH,...) - p(=*)

statistics at initialization statistics after training

Lecture 3: The Principle of Sparsity, deriving recursions

Lecture 4: The Principle of Criticality, solving recursions

ways to avoid exploding/vanishing gradient problems for deep neural networks



Review of Notations and Conventions

Initialization hyperparameters:

D [bgf)bg)] = 04,i,Cp, E [W(E) W ] = 04,4504, 4o Cw.

11J1 1272 Ny_1

. . . oL dZ';&
Diagonal, group-by-group, learning rate: 0,(t+1) = ”E ANV(E 57 dé,,)
Aw
Aoy ® = 0iisAo s Ap® @ = 0iyig0jij——
122 b7 (£) (£) 111972%Y 7172
b; big Wz1.71 1272 neg—1

Two pedagogical simplifications: (i) a single input; (ii) layer-independent hyperparameters
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Review of Some Recursions

B2} 2] = 601, G

1

G = Cy + Cw (0(2)0(2)) gy + O (ﬁ)

E[H) ] = 6, H
(e41) _ (O (o ()’ 1

H =X+ dw {0(2)0(2)) g + CwH™ {0°(2)0"(2)) g + O {
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One more thing...
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Outline

1. Scale-Invariant Activation Functions: linear, ReLU, leaky RelU, ....

2. More Generally
»  K* =0 universality class: tanh, sin, ....
> Half-stable universality class: GELU, SWISH, ....

»  No criticality, no deep learning: perceptron, sigmoid, softplus, ...

3. Finite-Width Effects and Deep Learning

4. More on Why Criticality?
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Scale-Invariant Activation Functions

o(z) = arz, z2>0,
a_z, 2<0.

linear RelU leaky ReLU

ar =1,a_ =1 ar =1,a_ =0 ar =1,a_=0.1
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arz, 22>0,

Kernel Recursion o(z) = {
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Kernel Recursion o(z) =
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* XY > 1 :exploding signal

+ X < 1 :vanishing signal

. arz, z2>0,
Kernel Recursion o (z) ={ "

a_z, 2<0.
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. arz, z2>0,
Kernel Recursion o(z) ={ "

a_z, 2<0.
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n
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X > 1 :exploding signal

- X < 1 :vanishing signal

— 1 :critical signal propagation

K® = K1) — constant = K*
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a_z, 2<0.
E[/Z\z(f)/z\z(f)] — 57311'2G(£) - 52'1732 [K(e) + O (l)]
n

K(E) :XE_IK(l) x=CwAy = CW(aiJrai) K(l):/+CW< Zx)

X > 1 :exploding signal

- X < 1 :vanishing signal

_ O — L — 2 N
= 1 :critical signal propagatione W = A, T 2 12| Kaiminginit.for ReLU

K® = K1) — constant = K*
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[Exercise: Cy # 0 case]



) arz, z2>0,
NTK Mean Recursion () ={ #2223

a_z, z2<0.
N 1
E[HY) ] = 61i, HO = 6,4, {@(@ +0 (—)]

n

O = Ny + Aw (0(2)0(2)) ko + CwOY (o' (2)0" (2)) e




NTK Mean Recursion () = {W’ P2

a_z, 2<0.
E[ﬁz(fz)z] — 6i1i2H(E) — 5i1i2 [@(E) +0 (1)]

n

el — Ao + Aw (0(2)0(2)) ko) + CW@(E) <0’(Z)U’(Z)>K<£>

Some integrals as before: (o (2)0(2)) = A2K, (0'(2)d'(2)) = A



NTK Mean Recursion ()=

E[H{),] = 61,1, HO = 6,5, [@(6) +0 (l)]

n

O+ = Ny + A (0(2)0(2)) oy + CwO¥ (o' (2)0” (2)) reey

arz, z22>0,
a_z, 2<0.

Some integrals as before: (o (2)0(2)) = A2K, (0'(2)d'(2)) = A

So we have: (—)(“’1) = A\ + )\WAQK(E) + CWAz@(e)
= X




E[ﬁz(fz)z] — 6i1i2H(E) — 5i1i2 [@(E) + 0 (_)]
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NTK Mean Recursion
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a4z,

a_z,

z >0,
z < 0.



NTK Mean Recursion ()= {W’ e

n

QU+1) _ As )\WAZK(E)

* XY > 1 :exploding gradient

a_z, 2<0.

X@(f)

R dz® d"(e)
H(E) Z A 11367 “Tig;d9
21’1,2;(5152 M,V nv d9 d@




NTK Mean Recursion ()=

SIA,) = 6, HO = b, |09 +0 ()]

n

arz, z22>0,
a_z, 2<0.

Ot = N\ + Aw A2 K9 + x0

* XY > 1 :exploding gradient PGING

77 (£) — 11361 42362
Hi1i2;6152 T Z[.L,V )\:U’V d@M d@u

- X < 1 :vanishing gradient (for lower layers)



NTK Mean Recursion ¢(z) = {W’

BIA)) = 5,010 = 5.0, [0 + 0 (1))

n

O = Ny + A\ A2 K 4 yOW¥)

- X > 1 :exploding gradient

- X < 1 :vanishing gradient (for lower layers)
_ 1 [1 &
* X = 1 :critical gradient propagation @ K(e) = K" = Z-T?
1 2 Az \mo i
Cw = Az T a2 +a?

0¥ = (\p + A\ A K*) x £

z >0,
z <0.
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E[ﬁz(fz)z] — 5i1i2H(E) — 5i1i2 [@(E) + 0 (1)]

n

0¥ = (N + A A K*) x £
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2t +1) =250 - nH () 5 +
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Learning rate for deep networks: ')7)\b W Y =
)
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a_z, 2<0.

. . arz, z2>0,
Four-Point Recursion () ={ "

1
= VO (811,814 + 8i1isOinia + 0iriabinis)
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E (200500

iv(f“) :nigC%V [(a(z)a(z)a(z)a(z))me) - <a(z)a(z))§{(3)]

Uz
cz, vW® X ) \2 1
r T L (oo (- x)),, +0 ()




. . arz, z2>0,
Four-Point Recursion ¢() ={ "

a_z, 2<0.

1
= V(E) ((5731732 51'31'4 + 52'12'35732%'4 + 5i1i46i2i3)

connected Ny—1

e [#00202]

11

1y :nie(]%v [(a(z)a(z)a(z)ff(z))K(e) - <0(Z)U(Z)>§{<e>]

ng
cz, vW® 2 1
e (o) (oo (2~ KO)). 40 ( )

After various integrals...

2 1 a2 +a2 at +at
ERVICES :iC€V(3A4—A§) (KW) + — V0,2 Ay = & Ay = B0
Ny Ny Nng—1




. . arz, z2>0,
Four-Point Recursion ¢() ={ "

a_z, 2<0.

B [10:0:057]

1
= V(z) (57317;2 51'31'4 + 52'12'357322'4 + 5i1i46i2i3)

connected Ny—1

1y :niecﬁv [(a(z)a(z)a(z)(f(z))K(e) — <0(Z)U(Z)>§{<e>]

Ty
cz, vW® 2 0\ 1
+ dng_q (K(E))4 <J(Z)U(Z) (z - K )>K(€) +0 (ﬁ)

After various integrals...

iv(f-l-l) :icﬁ (3A4 . A2) (K(£)>2 + 1 V(E)XZ Ay = af +a® Ay = af+at
Ty T W 2 Np_1 2

At criticality C, =0, Cw = 1/As:

1 1 (3A4— A2 9 1
) 2\ (K 7
Ny Ny A% ( ) + Ny—_1




. . arz, z2>0,
Four-Point Recursion ¢() ={ "

a_z, 2<0.

1
= V(E) (57317;2 5i3i4 + 52'12'357322'4 + 5i1i45i2i3)

connected Ny—1

e [#00202]

11

1y :nie(]%‘, [(a(z)a(z)a(Z)a(z»K(e) - <0(Z)U(Z)>§{<e>]

ng
cz, vW® 2 1
e (o) (o()0(2) (2 - K©)) | +0 ( )

After various integrals...

iV(E‘i‘l) :iCZ (3A4 . A2) (K(g))z 4 1 V(E)XZ A2 . a?|_+a2_ A4 . ai—{—a‘i
Ty T W 2 Np_1 2

At criticality C, =0, Cw = 1/As:

1 1 (3A4— A2
=y (0+1) _ 4 2 K* 2
ngv Ny ( A% ) ( ) +

17489
Neg—1

Lvo= (S 1) (M) ] =0 (1)

Solving that:




B [10:0:057]

connected Ny—1

At criticality C, =0, Cw

Four-Point Recursion

V(E) ((57317;2 51'31'4 + 52'12'357322'4 + 5i1i46i2i3)

finite-width eflects

depth

width

= ]./A2:

o= (5 1) (a5 %) wor] =o(:

o(z)

|

a4z,

a_z,

z >0,
z < 0.



Scale-Invariant Universality Class

o(z) = arz, z2>0,
a_z, 2<0.

Aside from differences in order-one coefficients,
they all behave similarly when networks become deep.



Scale-Invariant Universality Class

o(z) = arz, z2>0,
a_z, 2<0.

Aside from differences in order-one coefficients,
they all behave similarly when networks become deep.

[* 1linear activation is super-degenerate.]



2. More Generally

tanh, sin, ....

GELU, SWISH, ....

perceptron, sigmoid, softplus, ...



The Principle of Criticality

Necessity of hyperparameter fine-tunings in order to avoid
exponentially exploding/vanishing signal & gradient problems
for deep neural networks



The Principle of Criticality

Necessity of hyperparameter fine-tunings in order to avoid
exponentially exploding/vanishing signal & gradient problems
for deep neural networks

For scale-invariant activation functions,
criticality was attained by fine-tuning as

. )
(Cba CW)crltlcal _ (O )

"a? +a?



Criticality Condition for the Kernel

More generically, a kernel recursion

K = ¢, + Cw (0(2)0(2)) ko

has a fixed point K* = K*(Cy, Cy) satisfying

K* = Cy + Cw(o(2)o(2)) k=



Criticality Condition for the Kernel

More generically, a kernel recursion

KD = G, + Cw (0(2)0(2)) k0

has a fixed point K* = K*(Cy, Cy) satisfying

K*=Cy,+ Cw <O’(Z)O'(Z)>K*
Expanding the recursion around this fixed point as K(f) = K* + AK(E) :

AKED = (K*) x AK® + O(A?)

Wit x)(K) = o (Cw(0(2)(2))x)



Criticality Condition for the Kernel
K* = K*(Cy,Cw) satisfying  K* = Cy + Cw{o(2)0(2)) k=
AKD = ) (K*) x AKY) + O(A?) [K® = K* + AK® ]

with  x(K) = a4 (Cwo(z)o(2))k) = 20%

. (0(2)0(2)(z* — K))k



Criticality Condition for the Kernel
K* = K*(Cy,Cw) satisfying  K* = Cy + Cw{o(2)0(2)) k=
AKU Y = x (K*) x AK®) 4+ 0(A?) [K® = K* + AK®]

with  x(K) = a4 (Cwo(z)o(2))k) = 20%

. (0(2)0(2)(z* — K))k

* X (K*) > 1:exploding away
* X (K*) < 1 : collapsing signal

% (K*) — 1 : critical propagation



Criticality Condition for the Kernel
K* = K*(Cy,Cw) satisfying  K* = Cy + Cw{o(2)0(2)) k=
AKU Y = x (K*) x AK®) 4+ 0(A?) [K® = K* + AK®]

with X (K) = 4 (Cwlo(z)o(2))k) = 2(%

¥ (0(2)0(2)(z* — K))k

* X (K*) > 1:exploding away
* X (K*) < 1 : collapsing signal

% (K*) — 1 : critical propagation

X (K™) = x (K*(Cb,CW)) =1




Criticality Condition for the NTK mean
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Criticality Condition for the NTK mean

O = Ny + A (0(2)0(2)) oy + Cw (0" (2)0”(2)) gy ©F

XL(K) = Cw (0'(2)0' (2))

* X1 (K*) > 1:exploding gradient
e XL (K*) <1 : vanishing gradient (for lower layers)

* XL (K*) — 1] :critical gradient

X1 (K™) =x1 (K*(Cb,CW)) =1




Two Criticality Conditions

XL (K*) = x0 (K*(Co, Cw) ) = 1 o= rmion,




Two Criticality Conditions

K* = Cp + Cw(o(z)o(2)) k=

X” (K*) — X” (K* (Cb7 CW)) — ]- XIl(K)E%(CWW(Z)U(Z))K):%(U(z)a(z)(f—lf))f(

XL(K™) =x1 (K*(Cb, Cw)) =1 x(K) = 0w (@) ()

[For scale-invariant case, X|(K) = x1(K) = CwAz = x]



K™ = 0 Universality Class: tanh, sin, ....

o

o

tanh

(Cba CW)critica,l _ (O, 1)
)

at which we have a fixed point K* — O with X”(K* — XJ_(K*) p— ]_



K™ = 0 Universality Class: tanmh, sin, ....

For smooth activation functions

L 5 1 3
0(z)200+012—|—§02z +603Z + ...

If and only If
0'()20 and 0'1#0



K™ = 0 Universality Class: tanmh, sin, ....
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K™ = 0 Universality Class: tanmh, sin, ....

1
Criticality attained at (Cb ] CW ) Crltlcal (O —a

01

14
« Power-law decay: K(f) ~ 1 V( ) 1

¢’ nyg_qy nb




K™ = 0 Universality Class: tanh, sin, ....

. 1
Criticality attained at (Cb7 CW)Crltlca’l p— 07 ?
1

1 v® 1

. Power-law decay: K () - ~
14 Ng—_1 Nk

 “The Principle of Equivalence” to avoid the polynomial version of the exploding/vanishing
gradient problem (i.e. to ensure equal contributions to NTK from all groups, §9.4) :

(£)
)\(z) X 1 )\W X 1
b 0’ Nyg—1 Ny—1

(for odd smooth functions)



Half-Stable Universality Class: cELy, suiss, ...

SWISH

(Cb , CW )crltlcal

(0.55514317, 1.98800468)

GELU

(Cb , CW ) critical ~_

~ (0.17292239, 1.98305826 )




No Criticality, No Deep Learning: perceptron, signoid, softplus, ...

o o o
T
2 —_——T 2 — 2
perceptron sigmoid softplus

X||(K*) = XJ_(K*) — ] unsatisfiable

Never again for deep learning




The Principle of Criticality

Necessity of hyperparameter fine-tunings in order to avoid
exponentially exploding/vanishing signal & gradient problems
for deep neural networks

We now have a principled way to identify critical initialization hyperparameters
(and also to give no-go for some activation functions).



3. Finite-Width Effects and Deep Learning



What Really Matters

Scale-invariant universality class: K* = () universality class:

0 ¢
V()Nf K(f)Nl v 1

K® ~1, ~
Ng_1 N 0 nyg_1 nf




What Really Matters

Scale-invariant universality class: K* = () universality class:
0 (4)
I A o Lo Ve 1
Ng_1 N 0 nyg_1 nf

K] =[7], [V] = [2"]

1
]E[/Z\z(f)/z\g)] — 51'12'2G(£) — 5@'1"2 [K(g) +0 (_)]

n




What Really Matters

Scale-invariant universality class: K* = () universality class:
0 (4)
I A o Lo Ve 1
Ng_1 N 0 nyg_1 nf

K] =[7], [V] = [2"]




Scaling Relations for Finite-Width Effects

Non-Gaussianity
1 V)
" (K@)’
NTK fluctuations (§9)
1 AW 1 BW 1 DWW 1 fr@
E(@(L))Z’ ﬁ(@(L))Z’ nKDel)’ nKODem

dNTK (§11.3) ALL O (L)
n

1 pPL) 1 QW
n(ew)*" n(ew)?
ddNTK (§«.2)
1 ROK@) 190 gWL) 1 7EL)KAEL 1 L) L)
no(ew)” - n (eW)T T n (W)’ T n (9)’




Good

Non-Gaussianity

1 v
" (KW)°
NTK fluctuations (§9)
1 AW@) 1 B 1 DWW 1 F(@)
n(@w)?’ n(ew)?’ nKBO®’ nKDHE®)
dNTK (§11.3)
1 pW@) 1 QW
n(em)* n(ew)’
ddNTK (§=.2)
1 ROK@) 190 gWL) 1 7@L) KAL) 1 L)L)
AN CIONN CO) M CIO) N CO)



Bad

Non-Gaussianity

1 v
" (KW0)°
NTK fluctuations (§9)
1 AW@) 1 B 1 DWW 1  F@)
ﬁ(@(L))Z’ ﬁ(@(L))Z’ nKDel)' nKDeD
dNTK (§11.3)
1 pW) 1 QW
n(em)” n(ew)’
ddNTK (§.2)
1 ROK@) 190 gWL) 1 7EL)KAEL 1 L) L)
no(ew)t T n (e)’ T m (eW)? T n (9W)



Sweet Spot

(a part of Lecture 5; also cf. Appendices A and B)

— — -,

“effectively-deep” “overly-deep”

not deep



4. More on Why Criticality?
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So Many Reasons!

« Taming exploding/vanishing kernel problem: today+8§3 (DLN)+85 (general)
« Taming exploding/vanishing gradient problem: today+8§89.4

 Bayesian evidence: §6.3.1



So Many Reasons!

Taming exploding/vanishing kernel problem: today+8§3 (DLN)+85 (general)
Taming exploding/vanishing gradient problem: today+§9.4
Bayesian evidence: §6.3.1

Generalization error: §10.3
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Generalized Bias-Variance Tradeoff

training inputs  (y €& A

° ®
PY test input ﬁ E B
o O _ 0
O E (z:ﬁ — yi;g) ]
o . . _E (z 5~ Elzl gl +Elzf gl — 5)2]
. . “E[(z15)7] - (Blzg)) + (Blets) ~vi)



Generalized Bias-Variance Tradeoff

training inputs  (y €& A

° ®
o test input ﬁ & B
[ ® - 2
O E (Z*B — Y, 5) }
® . “ —E (z 5= E[Z:B] + E[Z:B] - yz‘;6'>2]
® ® =E[(z5)°] - (E[Z*B])2 - (E[Z:;B] - yi;ﬂ')z



Generalized Bias-Variance Tradeoff

training inputs  (y & A

¢ ®
PS test input ﬁ 6 B
® @, _ 0
¢ = (ZB ) ]
o . A K (z* 5 —El2 4] + Elz} 4] - yi;3)2]
. . —E[(2,)7] - (Blzg)) + (Blets) — vi)

variance bias

IHere [K is over instantiations of networks,
not over realizations of training samples!



Generalized Bias-Variance Tradeoff

An analytically tractable case I:

nearby test input (§10.3.1 ~
Y but (8 ) training inputs Oy & A
®
® .
® test input ﬁﬁ c B
¢ o
®
® ®
P ®

Deep networks with x1 <1:
too inflexible/confident, too biased

Deep networks with x1 > 1:
too floppy/sensitive, too varied



The Principle of Sparsity for WIDE Neural Networks

. Atinfinite width: P (3, H )

AA

p(0) — p(/z\,H,dH,...) — p(2™)

AN ——m—

At O (5) P (2 H.dH, ddH)

n

The Principle of Criticality for DEEP Neural Networks

Critical signal/gradient propagation @ (Cb, CW)critical

Emergence of universality classes



