Lecture 3;
The Principle of Sparsity

[§4, §8, §11.2, and §0.3 of

“The Principles of Deep Learning Theory (PDLT),”
arXiv:2106.10165]
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Sho will cover Statistics

Fully-trained network output, Taylor-expanded around initialization:

2 =2+ (0" — 0)% 4+ 1(6* — 0)2Lz + ...

 Problem 1: too many terms in general
 Problem 2: complicated mapping

 Problem 3: complicated dynamics
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Sho will cover Statistics

Lecture 3: The Principle of Sparsity, deriving recursions

Lecture 4: The Principle of Criticality, solving recursions
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1. Neural Networks 101



Neural Networks
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Neural Networks
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Neural Networks
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Neural Networks
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Neural Networks
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Neural Networks
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good wide limit
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Neural Tangent Kernel (NTK)
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Neural Tangent Kernel (NTK)
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Neural Tangent Kernel (NTK)
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Two Pedagogical Simplifications

[See “PDLT” (arXiv:2106.10165) for more general cases.]

1. Single input; drop sample indices

| ) U ) 77 (£) 77 (£)
Y H: — Lj, Zj;(S Z Hi1i2,5152 H2122

2. Layer-independent hyperparameters; drop layer indices from them

CF =Cy, O =Cw, M=, A =Aw
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2. One-Layer Neural Networks

p(GO,HM aa7",..)
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“Wick contraction”
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Statistics of 2" =8, + X7, Wiz,
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 Neurons don’t talk to each other; they are statistically independent.

1
« We marginalized over/integrated out bg ) and Wij

« Two interpretations:
(i) outputs of one-layer networks; or
(ii) preactivations in the first layer of deeper networks.
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+ “Deterministic”: it doesn't depend on any particular initialization; you always get the same number.

 “Frozen”. it cannot evolve during training; no representation learning.
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 No representation learning.

 No algorithm dependence.



Statistics of One-Layer Neural Networks
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Statistics of One-Layer Neural Networks

p(20) o[- 35 ()] = T o [ ()]
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Linear dynamics: Zi;(s(t + 1) — Zi;(s(t) — 1 Z H(S& [Zz,&(t) R yi;&]

_ —1
Simple solution: z,z(;(s :/Z\i;d — Z H(%)l ((H(l)) ) [/Z\’i;&z _ yi;&g]



Statistics of One-Layer Neural Networks
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statistics at initialization statistics after training
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Statistics of One-Layer Neural Networks

p() oo |y 3= ()| =TT {on [ ()]}

~ 1 X
') =6, HVY =65, [N+ 2w | — Y a2
1112 122 1%2 b+ Aw o j:ZIZEJ

« Same trivial statistics for infinite-width neural networks of any fixed depth.

 No representation learning, no algorithm dependence; not a good model of deep learning.

We must study deeper networks of finite width!




3. Two-Layer Neural Networks
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» Recursive.
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j=1
E 20202020

[(b@) ZWz%)l (’f-ll)))"'(bm ZWSJZ ( ))

Ja=1

(0414205555 + 04145 0inis + 04134 0inis)

x {c,? + 2obownil S°E o (Z) o (ZV)] + et
j=1

B [b@)b(z)} — 61.5,Cy, E [W(m W@)] = 814,054, —

11 12 11J1 1272



Statistics of ¥ = + Z Wz'(jz)" (3](1))
j=1

B @) | N @) (=) ) 2) A<1)
=k (bi1 T Z W"'l]l ( j1 )) T (bi4 W%4J4 )}
- ’ J4 !

J1=1

- 42)42)42)42)]

Wick = (0i,i,0i5i, + 0iyizOigis + 0iris0isis)
)

{etenion 2 el () o ) () o ()]
j=1

= (0414204550 + 0i1i50i0is + 0i1i40inis)
n1

<{cz+ 200w (0@ @Naw + b |L5™ (0(E)o(E) g (0@ + 5 (0o @o@o @)oo

1 1

J1 F# Jo J1 = J2



E

=K

Statistics of ¥ = + Z Wz'(jz)" (3](1))

z1 z2 ?«3 Z4

42)42)42)42)]

J1i=1

Wick = (0i,i,0i5i, + 0iyizOigis + 0iris0isis)

1 O
x {cg 20, L 33 [ (20) o (59
1°
71=1

= (0414504344 T Oirig0iziy T 0irig0igis)

(bg? LS W, (32”)) (m@

J

>

Jja=1

X

{Cb £ 20Cw (0(2)0 (D)) gy + Tl [

ni

"]

.nl

W(2)

14.74

j=1

%)

)iy 3 el () o () (52)o ()]
»

J1,J2=1

(oo am (Do (D)ge + <a<z>a<z>a<z>a<z)>am]}

2 1
= (0414504344 T Oirig0iziy T 0irig0igis) {(G(z)) + n—lcgv

1

(o) (@)t oo — (@(Do@Neen]



Statistics of ¥ = + Z Wz'(f)" (33('1))

z1 z2 23 Z4

B @) | N @) (=) )
=IE (bil + Z W7'1.71 ( “ 1 )) (b’&

J1i=1

- 42)42)42)42)]

Wick = (0i,i,0i5i, + 0iyizOigis + 0iris0isis)

X {C’Z + 2CbCWnil iE [‘7 (%1)) g (’z‘ﬁl))]
i=1

= (041420igis T 0irigOigia + 0iyiyOinis)

{cb 200w (0(2)0(2)) g + Co [

ni

3

Jja=1

j=1

Wo (Am))]

1

— 11

2

51

(0(2)o(2))ga (0(2)o(2))go + —

1

(0(3)0(2)0(2)0(2))G<1>]

= (BiaBigia + Biriy By + 02,1,0120,) {(G@)) +=-C [(0(o(@)o(@)o@)) w — (0220 ] }




Statistics of ¥ = + Z Wz'(f)” (Eﬂ(‘l))
j=1

E[42)/<2)/<2)42)

22 23 ’&4 ”connected

:E[/\(Z)/\(Z)A@)A(?)]
]E[A(2)A(2)] E[Z(Z)/\(Q)] E[A(Z)A(z)] ]E[A(z),\(z)] [A(z),\(z)] E[z(Q)A(?)]

'52

V()
:—(51,1@257,31,4 _l_ 5i1’i35’i2’i4 + 57/17'45227'3)

with V@ = G}, [(o(2)0(2)0(2)0(2)) g — (0(2)0(2)) |



Statistics of 3§2) = b§2) T Z Wz'(f)” (gj(.”)

J=1

E[zP525252

7 z’iz 13 ’L4 ”connected
Z

_R[2(2) 225253

11 12 7'3 7'4

~(2 ~(2 2 2) ~(2 ~(2 2 2) ~(2 ~(2 2
_E[gfl) ()] ]E[ng)/z\§4)] E[A() ()] E[z (),\( )] E[A() ()] E[ (),\( )]

22 ’L4
VvV (2)

o (0414204555 + OiyigOinia + 0i1ig0igis)

with V) = G, | (0(2)0(2)0(2)o(2)) e — (0(2)o () |

Nearly-Gaussian distribution for 17 > 1

[Cf. Gaussian distribution in the first layer: gz 20z
_E[5VE0 2050

1 1 1 1 1 1 1 1 1 1 ~(1 1
~EEDZOEEDZD) - BV VEED Y] - EEV 2 VRED D)

connected

=0



Statistics of 22 =b/” + Z wo (2](1))

71=1
K [/\1(12)/\(2)} G(2)5z1i2
1
2 2 2 2
K [/\2(1)/\2(2)/\53)/\54)_ connected :’n,_1V(2) (5731’&'2 5733?34 T 5i1’i35’i2i4 T 5’51’545"32733)
o [A(z>A(z>A(z>A<2>A(2>A<2> _o(1
Zl 22 ?'3 ?'4 7'5 7'6 4 lconnected ’I’L%

 Gaussian in the infinite-width limit, too simple; specified by one number (one matrix - kernel - more generaily)
® SpCIrse description Clt O (1/”) , SpeCified by tWO numbers (two tensors more generally, one of them having four sample indices)

* Interacting neurons at finite width.
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Statistics of A,f,}g

5 A(Z) dA(Z)
’1,1’1,2 —Z)\#’V
— b 2 2 2 2
= ap’? dbg.) e de(k) de(k)
) ni d%\g) d/z\g) iio: d/\(Z) d/\(2)
b 1 1 1 1
= dbsY ap T P de(k) de(k)
—_— . . —AW
)\bgi)bq(é) - 5’1,17,2 )\b I Aw(leglw(;32 - 5’&1’&2 5]1_72 'n,e_]_



Statistics of i (2)

7/ 7/
. 3) /\(2) d/\(Z)
H’Ll’tz —Z)\,U'V
=\ 7’12 ZZ > > 1st piece
— ab’? ap'? — & 1de<k) de(k)
ni d/\(2) d/\(2) niy nNo d/\(Z) d/\(2)

(1 1 1 1
= b’V ab ) — e de(k) de(k)



Statistics of A,L(f@)z

1st piece, the same as before:

vz dz?) IRURSES az? a7
A 11
’ jz_: db? db(.2> Jz_: kzl de(,f) dWJ(,f)
)\ Nno n1
= Z(Szlﬂ&tzﬂ + = Z 25’&13 zzja(gl(cl))
1=1 k=1
( B n1 T )
2
=5 { Mot dw [ (0 E)) | ¢
\ " J:]' y,

A() b(2)_|_2n1 W(2) </< ))

J



Statistics of A,L.(f,é)Q

1st piece, the same as before:

no d/\(2) d’\(2) )\ na2 M1 dA-(2) d/\(2)
D zé) zé) D 3D z?'b) zz?m
j=1 db;™" db; Mo k= AW AW
no )\ n2 ni
SR SFFEELS 3) SLCUTEES
j=1 1 j=1k=1
( - 7
L = ()
i1y 4 Ao + Aw n—12(a(zj )| ¢
\ | J=1 -/

A
A @ @ = 5i1i25j1j2n—vf width-scaling was important.

1141 272



Statistics of i (2)

’I/ ’I/
2"d piece, chain rule:
W S 33
= dbl" db = AW aw
oy Ay ZulN Z A2, dZ) Awii a2z
=1 @) dZm) | dbS" db(l) i awy) awy)

iz Nz dzly
a0~ = gz o




2"d piece, chain rule:

75 (2
Statistics of ,f ,32
ni d’\(z) d’\(2) ni No d’\(2) d’\(2)
A
’ ; db§.1> db§1> ; kzl dwj(g de(;)
o an? D || SN dE) w8
:ml%zl dza) dzin) & Z dbS" db(l) Jz_:kzl

n1 d/\(2) dA(2) )
= 2 A<1> d421>5m1m2

mi ,m2=1 d

PNCIENG)

Z’m1 ng

1 1
aw D) aw D




Statistics of A,ff@):z

2"d piece, chain rule:

i d’\(z) d’\(2) il:i): d’\(2) d’\(2)
A 1 1 1 1
pt db§. ) db§.> =& 1de(k) de(k_)
mogz® 5@ | a2 azd) )\W i no 2@ g5®
— 11 12 )\ mi ma2 mi m2
ml;;zl d/z\(l) d%\(l) Z b(l) db(l) = kz:l Wg(li) de(li)_
n1 A(2) 5(2)
DI
e d/\(l) d/\(l) 17
= > Wi (B0) Wi (3) dmim HO

2D =@ 4y o ()



Statistics of A,ff,&)Q

2"d piece, chain rule:

id’\(z) d’\(2) il:i): d’\(2) d’\(2)
Ab 1 1 1 1
= btV db§.> =& 1de(k) de(k_)
mogz® 5@ | a2 azd) L om0 g5 @)
— 11 12 )\ mj m2 mi m2
ml,%;:l dZm) dZm) | Z dbS" db(l) ;; awy) awy)
m g5 gg®
DI
e dAu) PEONGE
= 5 W () W (82) O

_SSwEWEo (20) 0! () HO



Statistics of Ai(fi)Q

Putting things together, NTK forward equation:

H2 —§

1172

i1in

7

Ap + Aw

\

Y
m=1

W(z) W(2) 0./

11m’ " iom

(35

m




Statistics of A,ff,b)Q

Putting things together, NTK forward equation:

( B T
ni

1 2 L

A, = b1, 2ot 2w |3 (0 ED)) | ¢+ Z W W (Z0) o (
ni =1 _

\ /

 “Stochastic”: it fluctuates from instantiation to instantiation.

 “Defrosted”: it can evolve during training.



Statistics of A,ff,b)Q

Putting things together, NTK forward equation:

( B T
ni

1 2 i
1 Z
\ j=1 ) =

Fun for the weekend (solutions in §8):

B[AC)] = 8 [+ M (020 + CwHD (0 ()0 ()| = 1y O

E H(2> H(2)] E[H(Q)]IE [H(z)] 1 [57:11:251'313414(2)+(5i1i35i2i4+5i1i45i2i3)B(2)] — O(1/n)

1112 1374 1112 1374 nl

E H(z) 42)42)] E [H(2) ] E [A(f)/{z)] 1 [57;17:257137341)(2) b (812, 0iis + OininBinic) F(2)] — 0(1/n)

11122 7,3 ’1:4 ny




r7(2)

Statistics of and beyond

’1/1’1:
Putting things together, NTK forward equation:
4 - T
1 ni 2 n1
H£1222 = 0iyis | Ab + Aw o (U(%(-l))) >+ E Wz(lz,,?an(j,)n (E(ni)) o’ (’z\(n%)) HW
1
\ j=1 y —

Fun for the weekend (solutions in §8, §11.2, and §9°.3):

E ﬁi(lzi)z] = 0iyi [)‘b + Aw <U(z)0(z)>a<1> + CWH(D <0'(z)0’(z)>a(1>] = 5i1i2H(2)

E H(2> H(2)] E[H(Q)]IE [H(z)] kS [5i1i25z’3i4A(2)+(5i1i35i27&4+5i1i45i2i3)B(2)] — O(1/n)

1112 1374 1112 1374 711

E H(z) 42)42)] E [H(z) ] E [A(:)/{z)] 1 [57;17:257137341)(2) b (812, 0iis + OininBinic) F(2)] — 0(1/n)

11122 13 @4 ny

—(2) ] 1
E|dH, /\(2) = ’n—1 [5ioi35i1i2p(2) + (5ioi15’i2’i3 + 5’i0i25i1i3) Q(z)] - O(l/n)

10112 23

—(2
E lddH( ) = 0(1/n) [*for smooth activation functions]



r7(2)

’1/1’1:

Statistics of

Putting things together, NTK forward equation:

4 - T

1 n1 2 n1

H{?) = 615, 4 Mo + Aw — (0(2](-1))) >+ Z w2 w2 o (E(n,{)) o' (2(7,,})) g
1

\ j=1 =

and beyond

Fun for the weekend (solutions in §8, §11.2, and §9°.3):

B[AC)] = 8 [+ M (020 + CwHD (0 ()0 ()| = 1y O

E :H@) H(2)] E[H(Q)]IE [H(z)] kS [57;1i25i3i4A<2>+(5@-1i35im +5@-1i45@-2i3)3<2>] — O(1/n)

1112 1374 1112 1374 nl

E |73 42)42)] E [H(z) ] E [A(:)/{z)] 1 [57;17:257137341)(2) b (8 Ginin + GivsGinic) F(2)] — 0(1/n)

1112 7,3 217 ’L4 n]_

—(2) ] 1
E|dH; /\(2) = 'n_l [5ioi35i1izp(2) + (5'507315’52733 + 5’i0'525i1i3) Q(z)] B O(l/n)

202122 ’L3

[*for smooth activation functions]

E [@(2) — O(1/n) Representation Learning




Statistics of ,flz.) and beyond

" .~ ~ A 1 Jk7&1&2 ~
2i;6 — 130 T § :Hij;c?fil (H ) [zk;& _ yk‘;&]

+ despicable(y, Z, H : JE, ddH - algorithm)

H*+ H

| 1
E ldH(z) /\(2) — ,n_ [5’i0i35i1i2P(2) + (5’i0i15i2i3 + 5730’13257311'3) Q(2)] — 0(1/71,)
1

202112 23

[*for smooth activation functions]

E [@(2) — O(1/n) Representation Learning




Statistics of Two-Layer Neural Networks

« Two interpretations:
(i) outputs, NTK, ... of a two-layer network; or
(ii) preactivations, mid-layer NTK, ... in the second layer of a deeper network.

 Neurons do talk to each other; they are statistically dependent.

* Yesrepresentation learning (and yes algorithm dependence);
they can now capture rich dynamics of real, finite-width, neural networks.



Statistics of Two-Layer Neural Networks

« Two interpretations:

(i) outputs, NTK, ... of a two-layer network; or

(ii) preactivations, mid-layer NTK, ... in the second layer of a deeper network.
 Neurons do talk to each other; they are statistically dependent.

* Yesrepresentation learning (and yes algorithm dependence);
they can now capture rich dynamics of real, finite-width, neural networks.

But what is being amplified by deep learning?



4. Deep Neural Networks

p(0, H®), aa. )



Statistics of #“V =4+ > witVe (27)
j=1

Jjo=1
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Statistics of #“V =4+ > witVe (27)
=1

E[ngﬂ)gi(fﬂ)} [(b(ul) sz(le;;l) A(e) ) (b(e+1) Wz(jg-;l) (,\(g)))
J2=1

J1=1
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J1,32=1
s e tow [ 25 Es (39) 0 (29
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| 1
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11 19 1112 ) 111277172

1171 1272 Ny



Statistics of #“V =4+ > witVe (27)
=1

B Fglul)ggﬂ)} _E b§f+1) Wz(ff) A(ﬁ) b(e+1) Wz(fgtl) (Aﬁf))
Ji1= 1 J2= 1
S CW A< Aw)
=Cilinia + Y —iindiin o (20) o (7))
Ji,J2=1

=044, -Cb +Cw (,; iE [0 (35% d (Ef))])

| 1
leading =4,,;, |Cy + Cw (0(2)0(2)) gy + O (E)] = §;,;, GV




Statistics of =" =4+ 3 wito (5)
Two-point: "
GUH) = Cy + Cw (0(2)0(2)) gy + O (l)

n



Statistics of #“V =4+ > witVe (27)
j=1

Two-point:

) 0 o +0 (1)

n
Four-point:
Ly _ 1 o _ 2
n_ev n_eC [(a(z)a(z)a(z)a(z)>g(e) (0(2)a(2)) g




Statistics of H';t"

Two-point:
1
G~y + 0w e +0 (1)
Four-point:
1 1
— ) —— o2 [(U(Z)U(Z)U(Z)U(Z»Gw) — <U(Z)U(Z)>?;(£>}
Ty Ny
Cyy VO 2 _ q0)\’ !
s gy (7@ (2= 6)) w0 (5
NTK mean:

HY = Xy 4+ Aw (0(2)0(2)) go + CwHY (0" (2)0" (2)) g + O (%>



. g > (L+1
Statistics of H';t"
NTK forward equation:

d/\(£‘|‘1) d/\(e-i-l)
(£+1) Z)\ 5
w0 ag, db,
Ng41 d/<£+1) d4£+1) ng+1 Ny d4£+1) dA(£+1)

2, 2
= ; db(z+1) db(-eﬂ) Z Z

{+1 {+1
1=1 k=1 de(k )de(k? )

1st trivial piece

n o gpl) galD)

7(2) 2nd chain-rule piece
T Z A(e) dA(e) Hoims P

Zmo

mi,mo=— 1 d



. g > (L+1
Statistics of H';t"
NTK forward equation:

~ (0+1) dz ) gzl
HY " = E " 3o
e L A9 " ae,

( i T
LS (201 N
=041y | Ab T Aw "”b_e Z (0 (zj )) > st trivial piece
\ =1 1
T
+ Z Wi(fntj)wi(jﬂt;)(f/ (3(75)1) 0/ (’z\%l) I/_jr(rfzm2 2"d chain-rule piece

ma 7m2:1



Statistics of H, ;" and beyond

Two-point:

G = Oy + Cw (0(2)0(2)) ey + O (1)

n

Four-point:

iv(”l) :iC%/ [(U(Z)U(Z)U(Z)U(z»g(e) — <U(Z)U(Z)>é(£>}

1 Ty

2 (£) 2
b ((‘;@))4 (s(a1o2) (- 6", +0 ()

NTK mean:

1
HY = X\ 4+ A (0(2)0(2)) g + CwHY (0 (2)0"(2)) gy + O (ﬁ
NTK fluctuations (§8) ddNTK (§20.3)

Similarly for A(e) B(E) D(e) F(f) P(E) Q(f) R(E) S(e) T(e) [ﬁ
dNTK(§11 2)




Statistics of H, ;" and beyond

Two-point:

G = Oy + Cw (0(2)0(2)) ey + O (1)

n

Four-point:

iv(”l) :iC%/ [(U(Z)U(Z)U(Z)U(Z»G(e) — <U(Z)U(Z)>é(£>}

1 Ty

2 (£) 2
b ((‘;@))4 (s(a1o2) (- 6", +0 ()

NTK mean:

1
HY = X\ 4+ A (0(2)0(2)) g + CwHY (0 (2)0"(2)) gy + O (ﬁ
NTK fluctuations (§8) ddNTK (§20.3)

Similcurlyfor,A(e)7 B(E), D(£)7 F(ETP(E), Q(f)7 }W), S(@)T(@7 [m
T dNTK (511.2)

q

S [

S [



Statistics of H, ;" and beyond

Two-point:

G = Oy + Cw (0(2)0(2)) ey + O (1)

n

Four-point:

iv(”l) :iC%/ [(U(Z)U(Z)U(Z)U(Z»G(e) — <U(Z)U(Z)>é(£>}

1 Ty

2 (£) 2
b ((‘;@))4 (s(a1o2) (- 6", +0 ()

NTK mean:

1
HY = X\ 4+ A (0(2)0(2)) g + CwHY (0 (2)0"(2)) gy + O (ﬁ
NTK fluctuations (§8) ddNTK (§20.3)

Similcurlyfor,A(e)7 B(E), D(£)7 F(ETP(E), Q(f)7 }W), S(@)T(@7 [m
T dNTK (511.2)

q

S [t

S |t



The Principle of Sparsity for WIDE Neural Networks

p(O)@p (3, H, Eﬁ, . ) C—))p(z*)

statistics at initialization statistics after training



The Principle of Sparsity for WIDE Neural Networks

p(@) — p (/z\, H, Eﬁ, . ) — p(2™)

statistics at initialization statistics after training

* Infinite width:

D (2, ﬁ[) specified by G(L), H(L)



The Principle of Sparsity for WIDE Neural Networks

p(@) — p (E, I:T,EI?, . ) — p(2™)

statistics at initialization statistics after training

* Infinite width:

D (2, ﬁ[) specified by G(L), H(L)

.+ Large-but-finite widthat O (=) [ny,nz,...,nz1 > L]

o~ —_——
p (z, H, dH, ddH) specified by
GI) gD y@) AL BL) pl) pL) pL) o) RL) §L) @) L)



All determined through recursion relations
(RG-flow interpretation: §4.6 )

G HD Y@ AL pE) pI) pL) pL) o) RE) §I) T&) L)



All determined through recursion relations
(RG-flow interpretation: §4.6 )

Next Lecture: Solving Recursions
“The Principle of Criticality”
for
DEEP Neural Networks

G HD Y@ AL pE) pI) pL) pL) o) RE) §I) T&) L)



One more thing...

2050 - 1,60~ 6,(5)r 0 (1)]

K = Gy + Cw (0(2)0(2)) o

O = Xy + Aw (0(2)0(2)) o + CwO¥ (07 (2)0"(2)) ko

F [2\@)2@)2@)2@)] ‘ _ 1 174%9) (5. N PRI R ST S W )
i Fip Cig Py || tod ne1 1112Y1314 2113Y1214 1114¥1213
T, |
VD = Oy [(0(2)0(2)0(2)0(2)) ko — (0(2)o (o |

2 (€)
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